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Abstract. Smoothed particle hydrodynamics (SPH) is a meshfree, Lagrangian particle method, 
which has been applied to different areas in sciences and industrial applications. In this work, 
SPH is used to simulate the soil–water jet interaction and erosion. In the simulation, water is 
modelled as a viscous fluid with weak compressibility and the soil is assumed to be an 
elastic–perfectly plastic material. The stress states of soil in the plastic flow regime follow the 
Drucker-Prager failure criterion.  Both the shear and tensile criterions are used for the yield of 
soil particles if the yield point is reached and the total stress of the particle is scaled. Instead 
of computing particle pressure from an equation of state, the spherical stress is computed by 
dividing total stress into spherical stress and deviatoric stress. The interaction of coupling 
interfaces is strengthened by a penalty function to avoid unphysical penetration between 
particles from different materials. The obtained numerical results have shown that SPH could 
be a valuable method for the simulation of complex soil water interaction. 
 
1 INTRODUCTION 
Smoothed particle hydrodynamics (SPH) is a “truly” meshfree, particle method originally 
used for continuum scale applications, and may be regarded as the oldest modern meshfree 
particle method.  It was first invented to solve astrophysical problems in three-dimensional 
open space [1, 2], and later extended for many other problems.   In SPH, particles are used to 
represent the state of a system and these particles can freely move according to internal 
particle interactions and external forces.  As a Lagrangian particle method, SPH conserves 
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mass exactly. In SPH, there is no explicit interface tracking for multiphase flows – the motion 
of the fluid is represented by the motion of the particles, and fluid surfaces or fluid-fluid 
interfaces move with particles representing their phase defined at the initial stage.  The 
meshfree nature of SPH method remove the difficulties due to large deformations since SPH 
uses particles rather than mesh as a computational frame to approximate related governing 
equations.    Therefore since its invention, SPH has been applied to a vast range of problems 
successfully, which include elastic–plastic flow [3, 4], quasi-incompressible flow [5], fracture of 
brittle solids [6], impact problems[7], fast landslide propagation[8][9] and fluid structure 
interactions[10], and etc.  
In Geomechanics, Bui et al. first modeled the soil-water interaction[11].  In Bui’s work, the 
saturated soil is modeled by mixing both soil particles and water particles together in the same 
soil domain and numerical results obtained in this study have shown that SPH could be a 
valuable method for simulation of complex problem in soil mechanics. Blanc et al.[12] 
presented a stabilized fractional step SPH algorithm which combines the advantages of the 
SPH method for large deformation problems with the Taylor Galerkin algorithm used within 
the finite element framework. Mabssout et al.[13] provided a comparison between two different 
time integration schemes, Runge-Kutta and Taylor-SPH, for SPH applied to soil dynamics 
problems. 
In this paper, we shall describe the SPH modeling of soil-water interaction. Water is 
modelled as a viscous fluid with weak compressibility and the soil is assumed to be an 
elastic–perfectly plastic material. To obtain better accuracy, the SPH particle approximation 
algorithm has been improved with kernel gradient correction.  The effectiveness of the SPH 
method in modeling water jet and soil-water interaction will be demonstrated in two 
numerical examples.  
2 SPH METHODOLOGY 
2.1 Basic concepts of SPH 
In SPH, the state of a system is represented by a set of particles, which possess material 
properties and interact with each other within the range controlled by a weight function or 
named smoothing function W.  An important advantage of SPH is that in SPH, there is no 
explicit interface tracking for multiphase or multimaterials, and free surface flows – the 
motion of the fluid is represented by the motion of the particles, and fluid surfaces or fluid-
fluid and fluid-solid interfaces move with particles representing their phase defined at the 
initial stage.  Therefore, SPH is attractive in modeling the soil-water interaction and erosion 
process.  
In conventional SPH method, the values of a particular variable at any point can be 
obtained using following equations:[3] 
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where ( )if x  is the approximated value of particle i; ( )jf x  is the value of ( )f x  associated 
with particle j; ix  and jx  are the positions of corresponding particles; m  and   denote mass 
and density respectively; h is the smooth length; N is the number of the particles in the 
support domain; W is the smoothing function representing a weighted contribution of particle 
j to particle i.  The smoothing function should satisfy some basic requirements, such as 
normalization condition, compact supportness, and Delta function behavior[4, 5]. 
2.2 SPH equations of motion 
For hydrodynamics of fluids and solids with material strength, the following governing 























where the scalar density  , and internal energy e , the velocity component v , and the total 
stress tensor   are the dependent variables.  The spatial coordinates x  and time t are the 
independent variables. The summation in equation (3) is taken over repeated indices, while 
the total time derivatives are taken in the moving Lagrangian frame. For fluid, the total stress 
tensor   in equation (3) is made up of two parts, one part of isotropic pressure p and the 
other part of shear stress S , The hydrodynamic pressure is computed from an equation of 
state (EOS).  For solid materials, the total stress can be computed from the constitutive 
equations of corresponding materials. Therefore using above-mentioned SPH approximations, 
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where    stand for the artificial viscosity;  ,ij ijF R  stand for interaction force between two 
particles and the artificial stress coefficient respectively[4]. 
2.3 Kernel gradient correction 
Water-soil interaction involves impact between fluid and solid materials, rapid deformation, 
and fracture on soil material. These will lead to highly disordered particle distribution. So it is 
necessary to use an SPH approximation scheme, which is of higher order accuracy and is 
insensitive to disordered particle distribution, to improve computational accuracy. 
 In this paper, the kernel gradient in SPH approximations is improved with a kernel 
gradient correction (KGC) technique[6].  In the KGC technique, a modified or corrected kernel 
gradient is obtained by multiplying the original kernel gradient with a local reversible matrix 
( )iL r , which is obtained from Taylor series expansion method.  In two-dimensional spaces, 
the new kernel gradient of the smoothing function Ci ijW  can be obtained as follows: 
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where ji j ix x x  , ji j iy y y  . For general cases with irregular particle distribution, variable 
smoothing length, and/or truncated boundary areas, the SPH particle approximation scheme 
with kernel gradient correction is of second order accuracy.   
2.3 Water-soil interaction model 
For modeling soil-water interaction, a coupling condition is necessary to treat the water and 
soil interface and to adapt their interactions.  In this work, for every pair of interface water-
soil particle, the following conditions need to be satisfied, 
    water soilv v
   (7) 
  water soilp p  (8) 
where the subscript “water” and “soil” denote field variables on water and soil particles 
respectively.  To prevent possible unphysical penetration of particles from different materials, 
a penalty force similar to the Lennard-Jones repulsive force[14] from different materials near 
the interface is applied to particles when they are approaching. This force is applied pairwise 
to particles along their common axis as follows, 
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where D  is a problem parameter which scales with the square of the largest velocity; 0r  is the 
cut-off distance, which is normally selected close to the initial spacing of particle; ijr  is the 
distance between the two particles; and ijx  is the vector position between the two particles. 
3 EQUATIONS OF STATE AND CONSTITUTIVE MODELING 
3.1 Equation of state of water 
For water, the equation of state is applied with the following form Monaghan[14] when it 
was used for the free surface flows of water using SPH, 
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where   is a constant, and set equal to seven in most circumstances; 0  is the reference 
density; B is a problem dependent parameter, which sets a limit for the maximum change of 
the density. 
3.2 Constitutive modeling of soil 
The modified Drucker-Prager[15][16] is used to model soil constitutive relation. Because 
elastic deformation of soil is small, in geotechnical problem, the plasticity stress-strain 
relations for soil are of great importance and frequently used for soil mechanics. In this study, 
non-associated flow rule and associated flow rule of the modified Drucker-Prager model are 
applied to model shear yielding and tensile yielding of the soil.  
    The total strain rate tensor of soil material   is divided into two parts: an elastic strain rate 
tensor e  and a plastic strain rate tensor p , 
 e p
       (11) 
Due to Hooke’s law, the elastic strain rate tensor e





s       (12) 
where s  is the deviatoric shear stress tensor; υ is Poisson’s ratio; E  is the elastic Young’s 
modulus; G  is the shear modulus and mσ  is the mean stress. 
    The plastic strain rate tensor is calculated by the plastic flow rule, which is given by 











for tensile plastic flow: 
 










where s  is the rate form of shear plastic multiplier, t  is the rate form of tensile plastic 
multiplier, which can be specified from the consistency condition; and sg  is the shear plastic 
potential function, tg  is the tensile plastic potential function. 
    This study assumes that the yield surface is fixed in stress space, and plastic deformation 
occurs only if the stress state reaches the yield surface. Accordingly, the plastic deformation 
will occur while the following two yield criterions are satisfied, 
                                       1 2 2, 0s m cf I J J q k     (15) 
 
     t m tf     (16) 
where  sf and tf  are shear yield function and tensile yielding function; t  is tensile strength; 
1I  and 2J  are, respectively, the first and second invariants of the stress tensor and deviatoric 
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shear stress tensor ;  q and ck  are Drucker-Prager constants, which are calculated from the 
Coulomb material constants c  (cohesion) and   (internal friction). 
Substituting equations (12), (13), (14)into (11), and adopting the Jaumman stress rate for large 
deformation treatment, the stress-strain relationship for the current soil model at particle i  can 
be derived to be, 
  22 9 /si i i i ii i i i ii i i i i
d G K K sin G J s
dt
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for shear plastic flow, 
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for tensile plastic flow, 
where 1
3ii i i
e          is the deviatoric shear strain rate tensor; K  is bulk modulus;   is the 
dilatancy angle. ,i i
    are the strain rate and spin rate tensors defined by 
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The front soil constitutive model requires three soil parameters, the cohesion coefficient  c , 
friction angle   and elastic bulk modulus K , which can be specified from a simple 
experiment of shear box test or triaxial test. 
4 NUMERICAL EXAMPLES 
4.1 Water injection 
In order to validate the SPH model, a numerical example of water injection is first given.  
The numerical results are compared with experimental observations by Kulasegaram et al. [7].  
In the example, water is injected into a toric container from the bottom entrance at 18 m/s.  
Figure 1 shows the schematic illustration of the problem setup.  Figure 2 shows the snapshots 
of the water injection process obtained using the presented SPH model and Figure 3 shows 
comparisons of the obtained SPH results (right column) with experimental observations (left 
column) and numerical results (middle column) from [7].  It is seen that the obtained SPH 
results agree well with results from experimental results.  
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Figure 1: Schematic illustration of the water injection into a toric container. 
      
Figure 2: Snapshots of the water injection process. 
 
 
Figure 3: Comparisons of the obtained SPH results (right column) with experimental observations (left column) 
and numerical results (middle column) from [7]. 
4.2 Soil-water interaction 
In this example, the SPH model is used for simulating soil-water interaction, in which a 
clump of soil is excavated by a water jet (see Figure 4).  The rectangular shaped soil clump is 
of 2m long and 0.5m wide.  The total number of soil particles is 14400 with the same initial 
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smoothing length 0.0083m for each soil particle. The properties of the soil particles are as 
follows: density 2500   kg/m3, Young’s modulus E = 70 MPa and Poisson’s ratio  υ 0.3 . 
There is an in-flow boundary for the water injection from the top of the soil clump (0.15 m 
away). Water particles are injected at 100 m/s, while the water particles are associated with 
density of 1000   kg/m3 and a viscosity of l = 10-3 Ns/m2.  The initial smoothing length of 











Figure 4:  Schematically illustration of the soil excavation by water jet. 
 
Figure 5 is the initial setup of the SPH model and Figure 6 shows the erosion process of 
soil excavation by water jet at representative times. In this simulation, the soil was easily 
eroded by the water jet and soil particles were splashed together with the water particles. 
Furthermore, the pit excavated by water jet became bigger and bigger with continuous flow in 
of water. The results of this simulation seem reasonable for both soil and water behavior. 
Because of the free boundary for soil, the soil particles near the boundary have large plastic 
deformation at the bottom of the rectangle during the calculation process.  
 
 
Figure 5: Initial configuration of SPH model. 
 
  






 Z. M. Guo, J. R. Shao, Y. X. Shen and M. B. Liu 
 9 
  
t =0.4s                                                           t=0.5s 
 
t =0.65s                                                            t=0.85s 
 
t =0.125                                                            t=0.15s 
 
Figure 6:  The erosion process of soil excavation by water jet. 
5 CONCLUSIONS 
In this paper, the SPH method is applied to model the soil-water interaction process. Fluid 
particles are used to model the free surface flows which are governed by Navier-Stokes 
equations, and soil particles are used to model the dynamic movement of soil, which is 
assumed to be an elastic–perfectly plastic material.   The interaction of the neighboring fluid 
and soil particles renders the soil-water interaction without unphysical inter-particle 
penetrations.   The preliminary results demonstrate that SPH method can well capture the 
inherent physics in soil-water interaction with large deformation and even break-up of soil 
and water surface in the soil excavation by water injection.  More detailed investigations on 
quantitative analyses of soil-water interaction with different improved models will be 
conducted in the near future.   
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